In this paper, a model has been designed to estimate the water flows, temperatures, and the heat losses in different parts of a district heating (DH) network using hourly consumption measurements. Assuming a tree-like topology for the network, the flow equations form an overdetermined linear system that can be solved in the least squares (LSQ) sense. After that, the water temperature and heat loss in each pipe can be formulated as a linear system that can again be solved in the LSQ sense. We illustrate the method with a small district heating network based on hourly temperature and flow measurements for one week. , combined heat transmission factor for the pipes between the and the node, which takes into account heat conductivity of isolation, ground and from feed pipe to return pipe (W/m C) ground temperature ( C) resistance for heat conduction in isolation (m C/W) combined resistance for heat conduction between pipes, in ground and from ground surface to air (m C/W) outer diameter of isolation (m) inner diameter of isolation (m) heat conductivity of isolation per unit length (W/m, C)
, combined heat transmission factor for the pipes between the and the node, which takes into account heat conductivity of isolation, ground and from feed pipe to return pipe (W/m C) ground temperature ( C) resistance for heat conduction in isolation (m C/W) combined resistance for heat conduction between pipes, in ground and from ground surface to air (m C/W) outer diameter of isolation (m) inner diameter of isolation (m) heat conductivity of isolation per unit length (W/m, C)
Introduction
The first district heating (DH) network was built in Lockport (New York, USA) during 1877 [1] . Since the beginning of the 20 th century, DH has been utilized widely in many European Countries such as Germany, Denmark, Holland, Belgium, Sweden and Finland.
In Finland, nearly half of the heating market was covered by DH by 2009. In most large cities, the market share has reached over 90%. Approximately 70% of DH is produced in combined heat and power (CHP) plants [2] . CHP-based DH is considered environmentally friendly as it has a very high energy efficiency, can have a renewable energy feedstock, and also allows for regulating emissions in centralized plants. The high energy efficiency of DH systems in comparison to other heating options has been shown in various studies [3] , [4] and [5] . DH systems can also utilize excess heat from industrial processes, further enhancing the efficiency of resource usage. For the customer, DH is an economical and user-friendly form of heating. The challenges with DH are high investment costs and heat losses in the distribution network.
The DH network in Finland is a double pipe system where heat is delivered to customers as heated water. In a double pipe system, the feed pipe takes the hot water to the customers and the return pipe brings the cooled water back to the heating plant. The DH water circulates from the heating plant to the customers and then back to the heating plant. The water is circulated with pumps which are located at the heating plant and in larger networks also along the DH network. The network's construction pressure is usually 1.6 MPa. The customers are connected to the network using indirect connections. This means that the heat from the DH system is transferred through heat exchangers in buildings to secondary radiator circuits and also to heat up domestic water. Figure 1 shows a sample DH network for a suburb in Helsinki region. Figure 1 . A DH network with 14 customers H e a t l o s s i n a D H s y s t e m i s c a u s e d m a i n l y by conduction of heat from the pipes into the ground. Many studies have evaluated the heat losses in DH systems [6] , [7] and [8] . Kitonovski and Poredos [6] computed heat losses in the heat distribution network as 8-10%. In small networks with an average pipe size of DN 50 (inner diameter of pipe is 50 mm), the heat loss can be as large as 10-20%. In large networks with average pipe size DN 150 the heat loss is about 4-10%. In principle, the larger losses in small networks are caused by larger pipe surface area in comparison to transferred heat. Manually measuring the heat losses of each pipe in a large network is impractical. Therefore we are interested in using computational methods to estimate the heat losses in different parts of the network using all available measurements. A recent trend in DH technology (which is required by EU legislation) is to install automated remote meter reading for all customers. This source of information facilitates the computation of heat losses more accurately than before [7] .
In this paper we develop a model for estimating the state of DH networks based on hourly consumption measurements. This means computing the flow rate in each pipe, the feed and return temperature at each node, and the heat loss in each pipe. Based on this information it is possible to compute useful information for managing and operating the network.
Estimation Based On Consumption Measurements
First we first introduce a small sample network and then the models for estimating the network state. The state estimation is implemented by the following three steps: 1. Identification of the topology of the network to verify that the network is connected and cycle-free (tree-like) and that a sufficient amount of measurements are available for estimating the state. This means identifying the set of nodes N (partitioned into measured nodes N 1 & nodes to be computed N 2 ) and the set of pipes R. 2. Estimation of the flow rates f i,j using least squares (LSQ) estimation based on the measured water flows. 3. Estimation of the temperatures at each computed node ( and ), and the heat losses ( , and , )
for each pipe based on measured temperatures as well as both measured and computed water flows.
Sample DH network
As the estimation model for a real-life DH network is very large, we illustrate the model and computations using a small tree-structured DH network fragment shown in Figure 2 . As no water is lost under normal operation, the water flows in the corresponding feed and return pipes remain the same. The temperature in the feed pipes is normally much higher than in the return pipes due to the heat consumption at the customer nodes. Table 1 summarizes the known (measured) and unknown (estimated) quantities of the sample network. 
The known measurements include water demand at nodes 1, 3, 5 and 6 as well as the feed and return temperature for nodes 3, 5 and 6 are shown in Figure 3 and 4: 
Estimation of Water Flows
Assuming a tree-like topology for the network, and no loss of water, the water flow in each feed pipe is identical to the corresponding return pipe (but opposite in direction). Therefore, it is sufficient to consider only the feed pipes when estimating the flows. For each node in the network we write an equation stating that the incoming water subtracted by the outgoing water must equal the (measured) water consumption or supply at that node:
At customer nodes, there will be a positive (non-negative) demand d i . At intermediate (non-customer) nodes, the consumption is zero and the water supply at the power plant is expressed as negative consumption. We can write (1) in matrix form as = ,
where is the transmission matrix. In case of our sample network, we have 
where is a matrix with m rows and n columns and m>n [9] . In other words, the system has more equations than necessary to determine uniquely. In the general case, an overdetermined system has no solution, but it may also have a unique solution or an infinite number of solutions depending on the rank of . In any case, the system can be solved in the least squares (LSQ) sense to determine the water flows in each pipe. Based on definition 1, the linear system (1) is overdetermined, which means that in the general case we can solve it only in the LSQ sense. For smaller networks, we can form and manually; for large networks, it is necessary to form the coefficient matrix and right hand side vector programmatically based on the network's structure data. We have implemented a short Matlab program to do that.
Estimation of Temperatures and Heat Losses
The heat loss due to conduction in the DH pipes is proportional to the temperature difference between the water and the surrounding ground. As a result, the water temperature will drop exponentially over time. As the water travels at constant speed in the pipe, the temperature will also decrease exponentially as a function of the distance travelled. Figure 5 illustrates that in a feed pipe. Because the temperature drops very little along a single pipe segment between two nodes <i,j>, we approximate the temperature drop by a linear function, where the heat loss , is constant along the pipe and proportional to the difference between the average water temperature , and the ground temperature . The average water temperature is computed as the average of the temperature at the endpoints of the pipe. Based on these approximations, we form next the temperature and heat loss equations. 
Temperature Equations
If we consider a small water element in a feed pipe <i,j>, the time for travelling the pipe length is
For this element of length dl we can write the energy equation as
From the energy equation we get a linear dependency between the temperature difference at the end nodes of the pipe and the heat loss of the pipe
Substituting , = , into the equation gives
Similarly, we get a linear temperature equation for the return pipe
For the branching nodes i, ( ) denotes the water temperature at the end of the return pipe from node j to i, before it is mixed with the water from other return pipes. If the node i is not a branching node, then ( ) = . At the branching nodes the temperature of the mixed water is the weighted average of the water temperatures in different branches, 
Heat loss equations
Analytical methods and explicit solutions for the regular cases to calculate heat losses in DH pipes have been presented in [10] . Heat loss from a pair of insulated buried DH pipes is generally computed as
where , is the heat conduction factor, is the ground temperature and , ,
represents the average water temperature in the two pipes. The factor 2 accounts for the two pipes. We separate the above equation for the feed pipe and return pipe respectively:
As the feed and return pipes are normally installed close to each other, a part of the heat loss of the feed pipe is recovered in the return pipe. Therefore we should use a slightly smaller K for the return pipe, but for simplicity we disregard this. We then write the water temperature in each pipe as an average of the temperature at the end nodes to obtain again linear constraints between heat losses and node temperatures:
The heat conduction coefficient for the pipes can be computed based on the resistance for heat conduction in the pipe isolation, the resistance between the pipes, and in ground:
The heat resistance of the pipe isolation R I is the most significant term in the denominator, and it can be computed based on the heat conductivity of the isolation and the fraction between the outer and inner diameter of the isolation as
Formulas for computing the other heat resistance term can be found in [10] .
The linear system
To summarize, we yield 4 equations for each edge in the DH network. Two of these are heat losses equations, and the other two are temperature equations. These equations are for feed and return pipes respectively: We can rewrite it in matrix form as
After rearranging the model (17), the system can be written as a partitioned matrix [11] which is shown in figure 6 . For this small network, we have 22 equations and 20 unknowns. According to definition 1, it is an overdetermined linear system. Similar to the flow model, it is convenient to form this system programmatically based the network's structure data. We have implemented a Matlab program to do that.
Properties of the Estimation Models
The DH networks are normally tree structured, i.e. connected cycle-free graphs [12] . The good properties of tree can help us to ensure the stability of the estimation models in the general case. More explicitly, if G is a tree, the number of edges of G is one less than the number of nodes (e = v-1).
For linear system (1), the number of unknowns is e q u a l t o t he n u m be r of e d g e s , w hi l e t h e n u m be r o f equations is equal to the number of nodes, and the number of edges is one less than the number of nodes, so it is an overdetermined system as long as the measurements for each customer and the source node are available.
If all customer nodes are measured, the linear system (17) contains 4e+|N branch | equations. It contains 2 temperature variables per unknown node, one additional temperature variable per branching pipe, and 2 heat loss variables per edge. In this case the feed-side of the system is overdetermined, but the return-side is only determined. To make the system entirely overdetermined, it is necessary to measure also the supply node.
In practice, DH networks may contain a small number of cycles. Cycles make the flow model (1) more difficult to solve, as water can take multiple paths between nodes, and the water flows in the feed and return pipes are not necessarily identical. In this case solving the water flows requires flow dynamic modeling, which is outside the scope of this study. Once the flows have been solved, the temperature and heat loss model (17) works well even with cycles in the network, as each cycle adds to the model more equations than variables.
Solving the Estimation Model
So far, we have defined two overdetermined linear s y s t e m s ( 1 ) a n d ( 1 7 ) t o e s t i m a t e t h e w a t e r f l o w s , temperatures and heat losses in the DH network. Both systems are of form (3) that can be solved in the LSQ sense in exactly the same way. There is in general no exact solution to an overdetermined system. We denote the coefficient matrix of the overdetermined system by . We aim to seek the solution with the smallest error vector , by using some vector norm to determine the size of the error vector. For the LSQ estimation model, w e l o o k f o r t h e s m a l l e s t 2 -n o r m e r r o r v e c t o r . M o r e explicitly, we define a vector such that
There is a simple method to solve the overdetermined systems by using least squares. Multiplying both sides of the equation (3) by the transpose gives
These are the so called normal equations of (3) . Any solution of the normal equations is a correct solution to the least squares problem. If is positive definite, it is nonsingular and the system has a unique solution given by
If is singular, system (20) will have an infinite number of solutions. In that case any solution is valid for the LSQ problem. In either case, we use Matlab to solve (20).
Computational Results
The numerical results of the feed and return water temperature for nodes 1, 2 and 4 are shown in Figure 7 . We can see that the feed water temperature remains rather steady, as it is controlled at the heat plant. In contrast, the return temperature varies more, as it depends on the variable heat consumption of the customers. All three return temperature curves show a similar pattern because the water flows from node 3 to 2 and from node 5 to 4 are small compared to the flow from node 6. The computed heat losses and the flow rate for all the 5+5 pipes are shown in Figure 8 . We can see that the heat losses from the return pipe are significantly smaller than from the feed pipe. This is consistent with the lower temperature of return water. Also, the return pipes express much more variation than the feed pipes as they are directly affected by customer behavior. We also substituted the results of the heat losses for all the pipes and the temperature for all the unmeasured nodes back into the equations (13) (theoretically defined) K values. A large difference may indicate problems in either the pipe insulation or in the measurements. Finally, we compute the total heat losses in the network by multiplying , and , by the lengths of the pipes , correspondingly, and then adding them up. Figure 9 shows the total heat losses during 168 hours for all the 10 pipes. The total heat losses should depend mainly on the average water temperature in the network. A significant variation or trend in the overall heat losses may indicate either problem in the network behavior or in the measurements. 
Conclusion and Discussion
We have developed least squares estimation models to determine the water flows, temperatures and heat losses in DH networks based on consumption measurements. We have in this paper illustrated the model using a small network with 6 nodes, but it can be used in principle with a r b i t r a r y n e t w o r k s . H o w e v e r , r e a l -l i f e n e t w o r k s m a y create quite large estimation models. The sample network of Figure 1 with 14 customers contains 51 edges (i.e. 102 pipes) and 52 nodes. With even larger networks, use of special sparsity exploiting techniques to solve the estimation models may be necessary. An advantage with the LSQ estimation models is that they adapt to missing consumption measurements and extra measurements at intermediate nodes.
Reliable and automatic DH network state estimation is a prerequisite for various operational network management and optimization tasks. State estimation can be used to aid in locating various problems in the network or in the measurements. Also, optimal production planning requires knowledge of the network state and its behavior in a variety of different situations. For example, the heat company may want to optimize how much heat they should produce at different heat plants to best satisfy the demand in different parts of the network.
